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Abstract. The absolute logarithmic Weil height is well defined on the quo- 
tient group (t5^/Tor(Q^) and induces a metric topology in this group. We 
show that the completion of this metric space is a Banach space over the field 
M of real numbers. We further show that this Banach space is isometrically 
isomorphic to a co-dimension one subspace of {Y, B, A), where y is a certain 
totally disconnected, locally compact space, B is the c-algebra of Borel subsets 
of Y, and A is a certain measure satisfying an invariance property with respect 
to the absolute Galois group 



1. Introduction 

Let k be an algebraic number field of degree d over Q, v a place of k and the 
completion of k at v. We select two absolute values from the place v. The first is 
denoted by || ||^ and defined as follows: 

(i) if w|oo then || \\y is the unique absolute value on k^ that extends the usual 
absolute value on Qo^ — K, 

(ii) if v\p then || \\y is the unique absolute value on fc„ that extends the usual 
p-adic absolute value on Qp. 

The second absolute value is denoted by | |^ and defined by \x\v — \\x\\t''^'^ for all x 
in kv, where dv — [kv : Qt,] is the local degree. If a 7^ is in fc then these absolute 
values satisfy the product formula 



(1.1) [||a|„ = l. 



Let Q be an algebraic closure of Q and Q the multiplicative group of nonzero 
elements in Q. The absolute, logarithmic Weil height (or simply the height) 

h-.Q"" ^ [0,00) 

is defined as follows. Let a be a nonzero algebraic number, we select an algebraic 
number field k containing a, and then 

(1.2) /t(a) =^log+|a|„, 

V 

where the sum on the right of (|1.2p is over all places u of fc. It can be shown that 
h{a) is well defined because the right hand side of p.2p does not depend on the 
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field k. By combining (II. 1|) and ()1.2|) we obtain the useful identity 

(1.3) 2/i(a) = ^ |log|a|„|, 

V 

where | | (an absolute value without a subscript) is the usual archimedean absolute 
value on R. 

Let Tor(Q ) denote the torsion subgroup of Q and write 

g = QVTor(Q^) 

for the quotient group. If C is a point in Tor(Q ), then it is immediate from (|1.2[) 

that h{a) = h{C,a) for all points a in . Thus h is constant on each coset of the 
quotient group Q, and so we may regard the height as a map 

h-.g^ [0,oo). 

The height has the following well known properties (see 1, Section 1.5]): 

(i) h{a) = if and only if a is the identity element in Q, 

(ii) h(a^^) — h{a) for all a in 

(iii) h{aP) < h{a) + h{(3) for all a and (3 in Q. 

These conditions imply that the map (a,/3) i-^ /i(a/3~-^) defines a metric on the 
group g and therefore induces a metric topology. Our objective in this paper is to 
determine the completion of Q with respect to this metric. 

Let r/s denote a rational number, where r and s are relatively prime integers 
and s is positive. If a is in and and ^2 are in Tor(Q^), then all roots of the 
two polynomial equations 

x'' - {CiaY = and x' - (C2a)'' = 
belong to the same coset in Q. If we write a'/'' for this coset, wc find that 

(r/s, a) t-^ a^^^ 

defines a scalar multiplication in the abclian group Q. This shows that Q is a vector 
space (written multiplicatively) over the field Q of rational numbers. Moreover, we 
have (see [U Lemma 1.5.18]) 

(1.4) /i(a'^/^) = \r/s\h{a). 

Therefore the map a i— > h(a) is a norm on the vector space Q with respect to 
the usual archimedean absolute value | | on its field Q of scalars. From these 
observations we conclude that the completion of f/ is a Banach space over the field 
R of real numbers. It remains now to give an explicit description of this Banach 
space. 

Let Y denote the set of all places y of the field Q. Let fc C Q be an algebraic 
number field such that k/Q is a Galois extension. At each place w of fc we write 

(1.5) Y{k,v)^{yeY:y\v} 

for the subset of places of Y that lie over v. Clearly we can express Y as the disjoint 
union 

(1.6) Y^\jY{k,v), 

V 

where the union is over all places v oi k. If y is a place in Y{k,v) we select an 
absolute value 1| \\y from y such that the restriction of 1| ||y to fc is equal to || \\v 
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As the restriction of || to Q is one of the usual absolute values on Q, it follows 
that this choice of the normalized absolute value || \\y does not depend on k. 

In section 2 we show that each subset Y(k, v) can be expressed as an inverse limit 
of finite sets. This determines a totally disconnected, compact, Hausdorff topology 
in Y{k,v). Then (|1.6p implies that F is a totally disconnected, locally compact, 
Hausdorff space. Again the topology in Y does not depend on the field k. We also 
show that the absolute Galois group Aut(Q/fc) acts transitively and continuously 
on the elements of each compact, open subset Y{k,v). 

In section 4 we establish the existence of a regular measure A, defined on the 
Borel subsets of Y, that is positive on open sets, finite on compact sets, and satisfies 
X{tE) = A(i?) for all automorphisms r in Aut(Q/fc) and all Borel subsets E of Y. 
The restriction of the measure A to each subset Y(k, v) is unique up to a positive 
multiplicative constant. We construct A so that 



(1.7) 



X{Y{k,v)) 



[k^^Qv] 
[k:Q] 



for each Galois extension fc of Q and each place v oi k. It follows from our con- 
struction that A does not depend on the number field fc. In particular, if I is any 
finite, Galois extension of Q, if w is place of I and 



Y{l,w) = {y e r : y\w}, 



then 



\{Y{l,w)) = 



Next we consider the real Banach space L^{Y,B,X), where B denotes the a- 
algebra of Borel subsets of Y. Let 



(1.8) 



X=[Fe L\Y,B, A) : ^ Fiy) dX{y) = o}. 



so that A" is a co-dimension one linear subspace of L^{Y, B, A). For each point a in 
G we define a map fa-Y^M.hy 



(1.9) 



faiy) = log||a||y 



If fc is a finite Galois extension of Q that contains a, then y i-^ log is constant 
on each compact, open set Y{k, v). And the value of this map on each set Y{k, v) 
is nonzero for only finitely many places u of fc. It follows that fa{y) is a continuous 
function on Y with compact support. Using (|1.7p and the product formula (jl.ip . 
we find that 



/ /„(y) d\{y)=Y^ f log Hall, 

Jy ^ JY(k,v) 



dA(2/) 



(1.10) 



[kv ■■ Qt,] , II II 



This shows that a ^ fa{y) maps Q into the subspace X. It follows easily that 
fapiy) = fa{y) + fi3{y) and /^^/.(y) = {r/s)fa{y), 
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and therefore the map a i— > fa{y) is a Hnear map from the vector space G into X. 
The L^-norm of each function is given by 



/ |/„(y)| dX{y)^J2 I H\\a\\y\ dA. 

JY ^ JY(k,v) 



iy) 



(1.11) =Ei^KiHM 

= 2h{a). 

This shows that the map a i— s- is a hnear isometry from the vector space G with 
norm determined by 2h into the subspace X with the L^-norm. Let 

(1.12) :F = {Uy) : a e g} 

denote the image of G under this hnear map. Then a — > is a hnear isometry 
from the vector space G (written multipUcatively) onto the vector space J- (written 
additively). Now the completion of Q is determined by finding the cfosure of J- in 
X. 

Theorem 1. Let X be the co-dimension one subspace of L^{Y,B,\) defined by 
Then T is dense in X. 



It is immediate from Theorem [T] that there exists an isometric isomorphism from 
the completion of the vector space Q with respect to the height 2h onto the real 
Banach space X. 

The functions in the vector space J- belong to the real vector space Cc{Y) of con- 
tinuous functions with compact support. Hence T belongs to the space LP{Y, B. A) 
for 1 < p < oo. Theorem [1] asserts that the closure of T in L^(y, A) is the 
co-dimension one subspace X. We also determine the closure of J- with respect to 
the other L^-norms. 



Theorem 2. If 1 < p < oo then T is dense in LP{Y, B, A). 

Let Co{Y) denote the Banach space of continuous real valued functions on Y 
which vanish at infinity equipped with the sup- norm. As ^ C Cc{Y) C Co{Y), it 
is clear that the closure of J- with respect to the sup-norm is a subspace of Co{Y). 

Theorem 3. The vector space T is dense in Cf^{Y). 

It follows from the classification of separable L^'-spaces (see [U pp. 14-15]) that 
the Banach space i^(y, B,A) has a Schauder basis, or simply a basis. As A" C 
L^(y, A) is a closed subspace of co-dimension one, it is easy to show that X also 
has a basis. Then it follows from a well known result of Krein, Milman and Rutman 
[5] that a basis for X can be selected from the dense subset T . Thus there exists a 
sequence of distinct elements ai , 02 , . . . in such that the corresponding collection 
of functions 



(1.13) 



{/ai(y),/a2(j^)>---} 
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is a basis for the Banach space X. That is, for every function F va. X there exists 
a unique sequence of real numbers xi,X2, ■ ■ ■ such that 

N 

F{y) = lim Va;„/a„(2;) 

N^oo ^ — ' 
n=l 

in L-'^-norm. While these remarks establish the existence of such a basis, it would 
be of interest to construct an explicit example of a sequence ai,a2, ■ ■ ■ in C/ such 
that the the corresponding sequence of functions (|1.13p forms a basis for X. 

2. Preliminary Lemmas 

We have stated Theorem [1] for the Weil height on algebraic number fields. How- 
ever, many of the arguments can be given in the more general setting of a field K 
with a proper set of absolute values satisfying a product formula. We now describe 
this situation. 

Let if be a field and let w be a place of K. That is, v is an equivalence class of 
nontrivial absolute values on K. We write Ky for the completion of K at the place 
V. If L/K is a finite extension of fields then there exist finitely many places u; of L 
such that w\v. In general we have 

J2 [Lw ■■ Ky] < [L : K], 

w\v 

where Lyj is the completion of L at u;. We say that v is well behaved if the identity 

J2 [L^n ■■ Ky] ^[L:K] 

w\v 

holds for all finite extensions L/K, (see [6l Chapter 1, section 4]). 

Let if be a collection of distinct places of K and at each place v in Mk let 
II 111, denote an absolute value from v. We say that the collection of absolute values 

(2.1) {\\ \\y : V e Mk} 

is proper if it satisfies the following conditions: 

(i) each place v in A4k is well behaved, 

(ii) if a is in if ^ then ||a|| ,j ^ 1 for at most finitely many places v in A4k, 

(iii) if a is in if ^ then the absolute values in (|2.ip satisfy the product formula 

n 

Now suppose that (|2.ip is a proper set of absolute values on K and L/K is a 
finite extension of fields. Let A^l be the collection of places of L that extend the 
places in A4k- That is, if Wy{L/K) is the finite set of places w oi L such that w\v, 
then 

Ml= \J Wy{L/K). 

At each place w in Wy{L/K) we select an absolute value || that extends the 
absolute value || H^, on K. Then we define an equivalent absolute value | |t„ from 
the place w by setting 

log |a|„ = [ ^'"^ log \\a\\yy 
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for all a in L^. In general || ||^ and | \w are distinct but equivalent absolute values 
on L. And wc note that | \w is an absolute value because 

0<%^<1. 

[L : K\ 

Then it follows, as in [5', Chapter 2, section 1], that 
(2.2) {\U-w^Ml] 

is a proper set of absolute values on L. In particular, if a is in then the absolute 
values in (|2.2p satisfy the product formula 



n 



\a\w = 1- 

We assume that K <Z N are fields, that N/K is a (possibly infinite) Galois 
extension, and we write Aut{N / K) for the corresponding Galois group. We give 
Aut{N/K) the KruU topology, and we briefly recall how this is defined. Let C 
denote the set of intermediate fields L such that K C L C N and L/K is a 
finite Galois extension. Obviously C is partially ordered by set inclusion. If L 
and M are in C then the composite field LM is in C, L C LM, M C LM, and 
therefore £ is a directed set. For each L in C let Aut{L/K) denote the Galois 
group of automorphisms of L that fix if. If L C M are both in £, we define 
irff : Aut{M/K) Aut{L/K) to be the map that restricts the domain of an 
automorphism in Aut(M / K) to the subfield L. Then each map tt^^ is a surjective 
homomorphism of groups and 7r£ is the identity map. It follows that 

{Aut(L/if),4^} 

is an inverse system, and Aut{N/K) can be identified with the inverse (or projec- 
tive) limit: 

Aut{N/K) = lim Aut{L/K). 

Lec 

Thus Aut(A^/i^) is a profinite group, and therefore is a totally disconnected, com- 
pact, Hausdorff, topological group. We write 

TTL ■■ Aut{N/K) -> AntiL/K) 

for the canonical map associated with each L in C. Then tt^ is continuous and the 
collection of open sets 

(2.3) {nl^ir) : L e C eindr e Aut{L/K)} 

is a basis for the KruU topology in Aut{N / K) . 

Next we assume that u is a place of the field K. That is, v is an equivalence 
class of nontrivial absolute values on K. If L is in £ we write Wy{L/K) for the 
set of places w of L such that w\v. As L/K is a finite extension, it follows that 
Wv(L/K) is a finite set. If L C M belong to C we define connecting maps 

V^f : W,{M/K) ^ W,iL/K) 

as follows: if wm belongs to Wv{M/K) then %j;ff{wM) is the unique place wl in 
Wy{L/K) such that wm\wl- li L C M are in £ then each absolute value on 
L extends to M and therefore each connecting map tpff is surjective. We give 
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each finite set Wv{L/K) the discrete topology so that each map -ipt^ is continuous. 
Clearly ipj^ is the identity map. We find that 

{W,iL/K),,pt'} 

is an inverse system of finite sets. Let 

Y{K,v) = lim W4L/K) 
Lei. 

denote the inverse limit and write ipL '■ Y{K,v) — * Wv{L/K) for the canonical 
continuous map associated to each L in C. It follows, as in 3, Appendix 2, section 
2.4], that Y{K,v) is a nonempty, totally disconnected, compact, Hausdorff' space. 
Moreover, see [21 Appendix 2, section 2.3], the collection of open sets 

(2.4) {^Pj;\w) : L e C and w eWy{L/K)} 

is a basis for the topology of Y{K, v). Clearly each subset in the collection (|2.4p is 
also compact, and for each field i in £ we can write 

Y{K,v)= y ^l\w) 

as a disjoint union of open and compact sets. 

We recall that a map g : Y{K, w) ^ R is locally constant if at each point y in 
Y{K,v) there exists an open neighborhood of y on which g is constant. 

Lemma 1. Let g : Y{K, w) — > R 6e locally constant. Then there exists L in C such 
that for each place w in Wv{L/K) the function g is constant on the set ip2^{w). 

Proof. At each point y in Y{K, v) there exists a field i*-^^ in C and a place u;*^^^ 
in Wv^L'^^^K') such that y is contained in V'^i) (w^^-*) and g is constant on the 
open set i^^(y) {w'^^^) . By compactness there exists a finite collection of fields 
_ ^ ^(J) jjj^ £^ g^jj^j each integer j a corresponding place in 
W^{L^^^/K), such that 

J 

F(i^,«)C U^-l,(u;W)), 
i=i 

and g is constant on each open set V'iC;) (w*--'^). Let L — L^^'>L^'^'> ■ ■ ■ L^'-'^ be the 
composite field, which is obviously in C. If w is a place of L then there exists an 
integer j such that 

is not empty. As L is a finite extension of L'^^\ we conclude that ipj^u) ('^) ~ w^-'-', 
and therefore 

(2.5) 

Then (|2.5p implies that g is constant on ^^^{w). □ 
Let C(Y{K, u)) denote the real Banach algebra of continuous functions 

F : Y{K, v) 

with the supremum norm. Let LC(Y{K,v)^ C C(Y{K,v)) denote the subset of 
locally constant functions. 

Lemma 2. The subset LC{Y{K, v)) is a dense subalgebra ofC(Y{K,v)). 
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Proof. It is obvious that LC(Y{K,v)) is a subalgebra of C(Y{K,v)^, and that 
LC(Y{K,v)^ contains the constant functions. Now suppose that yi and 2/2 are 
distinct points in Y[K,v). Let Ui be an open neighborhood of j/i, and U2 an open 
neighborhood of 7/2, such that Ui and U2 are disjoint. Then there exists a field L 
in C and a place w in Wy{L/K) such that 

2/1 e ■0L^(^^)> and -^l^I^^) ^ Ui. 

As ipL^iw) is both open and compact, the characteristic function of the set ^^^{w) 
is a locally constant function that separates the points yi and y2- Then it follows 
from the Stone- Weierstrass theorem that the subalgebra LC(Y{K,v)^ is dense in 
C{YiK,v)). □ 

We select an absolute value from the place v K and denote it by || ||„. If L is 
in C and ui is a place in Wv{L/ K), we select an absolute value || ||^ from w such 
that the restriction of || to if is equal to || As 

U ^' 

Lec 

it follows that each point (wl) in Y{K,v) determines a unique absolute value on 
the field N. That is, each point (wl) in Y{K,v) determines a unique place y oi N 
such that y\v. 

Now suppose y is a place of N such that y\v. Select an absolute value || ||y from y 
such that the restriction of || \\y to the subfield K is equal to || ||^. If L is in £ then 
the restriction of || ||y to i must equal || for a unique place in Wv{L/ K). 
Thus each place y of N with y\v determines a unique point (wl) in the product 

n w.iL/K) 

Lec 

such that y\wL for each L. It is trivial to check that 

whenever L C M are in C. Therefore each place y of N with y\v determines a 
unique point (wl) in the inverse limit Y{K,v). In view of these remarks we may 
identify Y{K, v) with the set of all places y oi N that lie over the place v of K. In 
this way we determine a totally disconnected, compact, Hausdorff, topology in the 
set of all places y oi N that lie over the place v oi K. 

3. Galois action on places 

Next we recall that the Galois group Aut(A^/_ft') acts on the set Y{K,v) oi all 
places of N that lie over v. More precisely, if r is in Aut{N/ K) and y is in Y{K, v), 
then the map 

(3.1) a^\\T-^a\\y 

is an absolute value on N, and the restriction of this absolute value to K is clearly 
equal to || Therefore (j3.ip determines a unique place ry in Y{K,v). That is, 
the identity 

(3.2) ||r-ia||, = ||a||., 

holds for all a in N, for all r in Aut(A^/_ft'), and for all places y in Y{K, v). It is 
immediate that ly — y and {crT)y — a{Ty) for all a and r in Aut{N/K). Thus 
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(r, y) I—* Ty defines an action of the group Aut(A^/i^) on the set Y{K, v). Moreover, 
Aut(A^/i^) acts transitively on Y{K,v), (see [H Chapter II, Proposition 9.1].) 

Lemma 3. The function {T,y) i-^ ry from Aut{N/ K) x Y{K,v) onto Y{K,v) is 
continuous. 

Proof. Let L be in £ and w in Wv{L/K). In view of (|2.4p we must show that 

{(r,y) e Aut(iV/i^) X YiK,v) : ry G ^Z\w)} 

is open in Aut(A^/iir) x Y{K,v) with the product topology. For w in Wv{L/K) we 
define 

Eyj = {{(7,z) e Ant{L/K) x Wy{L/K) : az = w}. 

Then we have 

{(r,y) e Aut{N/K) x Y{K,v) : ry £ ipL^{w)} 

= {{T,y) e AntiN/K) x r(i^,t;) : 7ri(T)V'L(y) = u'} 

= U {{r,y) e Ant{K/ k) xY{K,v) : TTLir) a and ipLiy) ^ z} 

= U '^z'(^)x^z'w. 

((T,2)6£;„ 

which is obviously an open subset of Aut{N/K) x Y{K,v). □ 

4. The invariant measure 

In this section it will be convenient to write G — Aut{N/ K). Let /i denote a 
Haar measure on the Borel subsets of the compact topological group G normalized 
so that /i(G) = 1. If is in C(Y{K,v)) and zi is a point in Y{K,v) then it 
follows from Lemma [3] that r i— > F(tzi) is a continuous function on G with values 
in R. Let Z2 be a second point in Y{K, v). Because G acts transitively on Y{K, v), 
there exists ry in G so that 7722 = zi . Then using the translation invariance of Haar 
measure we get 

(4.1) / F{tZi) d^{T) = f F{t7JZ2) d^l{T) = f F{tZ2) d^l{T). 

JG Jg Jg 

It follows that the map /„ : G{Y{K,v)') R given by 

(4.2) I,{F) = / F(tz„) d^x{T) 

Jg 

does not depend on the point z^ in Y{K,v). 

Let Alif be a collection of distinct places of K and at each place v in M.k let 
II III, denote an absolute value from v. We assume that 

{II \U:v(iMk} 

is a proper collection of absolute values. Again we assume that N/K is a (possibly 
infinite) Galois extension of fields. Let Y be defined by the disjoint union 

(4.3) ^= U Y{K,v). 

Thus Y is the collection of all places y oi N such that y\v for some place v in AAk- 
It follows that y is a nonempty, totally disconnected, locally compact, HausdorfF 
space. 



10 



DANIEL ALLCOCK AND JEFFREY D. VAALER 



Let Cc{Y) denote the real vector space of continuous functions F -.Y ^ R. having 
compact support. If F belongs to Cc{Y) then there exists a finite subset Sf Q .Mk 
such that F is supported on the compact set 

U YiK.v). 

vGSf 

In particular we have Iv{F) — for almost all places v oi A4k- Therefore we define 
/ : Cc{Y) ^ M by 

(4.4) liF)^ V / F{tz,) df,{T), 



G 



where Zy is a point in Y{K,v) for each place v in Mk- By our previous remarks 
the value of each integral on the right of (|4.4p does not depend on z^, and only 
finitely many integrals on the right of (|4.4p are nonzero. Hence there is no question 
of convergence in the sum on the right of (|4.4p . 



Theorem 4. There exists a a-algebra y of subsets ofY, that contains the a-algebra 
B of Borel sets in Y , and a unique, regular measure A defined on y , such that 



(4.5) I{F) - / F{y) d\{y) 



Y 



for all F in Cc {Y) . Moreover, the measure A satisfies the following conditions: 

(i) If T] is in G and F is in L^{Y,y, A) then 

(4.6) / F(to) dA(y) = / F{y) dX{y) 

JY(K.v) JY{K,v) 

at each place v in Mk- 

(ii) // E is in y then 

\{E) = inf{A(C/) : E CU CY andU is open}. 

(iii) // E is in y then 

\{E) — sup{A(y) : V C E and V is compact}. 

(iv) If E is in y and X{E) = then every subset of E is in y. 

Proof. Clearly (|4.4p defines a positive linear functional on Cc{Y). By the Riesz 
representation theorem, (see [9l Theorem 2.14 and Theorem 2.17]), there exists a 
(T-algebra y of subsets of Y, containing the cr-algebra B of Borel sets in Y, and a 
regular measure A defined on y, such that 

(4.7) I{F) ^ j^F{y) A\{y) 

for all F in CciY). If 77 is in G and F is in Cc{Y), then by the translation invariance 
of the Haar measure fi we have 

[ Fiijy) dX{y) - / F{7^Tz) d/i(T) 
Jy(k,v) Jg 



(4.8) = / F{tz) d^i{T) 

G 

F{y) dX{y) 

Y{K,v) 
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at each place v in Mk- Initially ()4.8|) holds for all functions F in CdY). As CdY) 
is dense in the L^{Y, y, A), (see |9l Theorem 3.14]), it follows in a standard manner 
that (g^ holds also for functions F in L^{Y,y, A). 

The properties (ii) , (iii) and (iv) attributed to A are all consequences of the Riesz 
theorem. □ 

Because the Haar measure /i satisfies /i(G') = 1, it is immediate from ()4.2|) and 
(|4.5p that X(Y{K,v)) = 1 at each place v in Mk- As the places in A4k are well 
behaved, we obtain a further identity for the A-measure of basic open sets in each 
subset Y(K, v). 

Theorem 5. If L is in C and w is a place in Wi,{L/ K) , then 
Proof. Let T be in G. Then we have 

^^^P^ ^{y<EY{K,v):TrL{T-^)^L{y)^w} 

= {y G Y{K,v) : V'l(j/) = ttl{t)w} 

Now let wi and W2 be distinct places in Wv{L/K). Select r in G so that ■kl{t)w2 — 
wi. Then (I4.10p imphes that 

and using (|4.6p we find that 

A{V'r\ti'2)} -AjV'Z^u'i)}. 

Because 

(4.11) l^(i^,«)= U i^l\w) 

is a disjoint union of \Wy{L / K)\ distinct sets, the sets on the right of (|4.1ip all 
have equal A-measure, and \{Y{K, v)) = 1, we conclude that 

(4.12) A(^^i(u;)) = \WdL/K)\-\ 
As V is well behaved we have 

(4.13) [L:K]^ J2 \L^u■.K,]■ 

Because L/K is a Galois extension, all local degrees [L^ : for w in Wv{L/K) 
are equal, and we conclude from (|4.13p that 

(4.14) \WdL/K)\= l^'-^J 

The identity (liTH)) follows now from (liTT^ and (gTH). □ 

Let LCc{Y) be the algebra of locally constant, real valued functions on Y having 
compact support. Clearly we have LCciY) C Cc{Y). 

Lemma 4. Let g belong to LCciY). Then there exists L in C such that for each 
place w in Ml the function g is constant on the set tp^ [w). 
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Proof. Let Sg C Mk he a, finite set of places of K such that the support of g is 
contained in the compact set 



Vg= \J YiK,v). 



V£Sg 

For each place v in Sg we apply Lemma [T] to the restriction of g to Y{K,v). Thus 
there exists a field L'"^ in £ such that for each place w' in W-^ (L^"^ /K^ , the function 
g is constant on V'^cl) (■"^O • Let L be the compositum of the finite collection of fields 

{L'-"^:veSg}. 

Clearly L belongs to C. 

Let w be a place in Ml- If w\v and v ^ Sg, then g is identically zero on ilj'[^(w), 
and in particular it is constant on this set. If w|w and v E Sg, then for a 

unique place w' in Wy{L'^''^/K). Because 

and g is constant on ^'^^(i) (i'^'), it is obvious that g is constant on ijj^^iw). □ 

Lemma 5. For 1 < p < oo the set LCc{Y) is dense in LP{Y,B,X). And LCc{Y) 
is dense in Cq{Y) with respect to the sup-norm. 

Proof. Let 1 < p < oo. Because Cc{Y) is dense in LP(Y,B, A), it suffices to show 
that if F is in Cc{Y) and e > 0, then there exists a function g in LCc{Y) such that 

\F{y)-giyW dXiy)j < e. 

Let Sf C A^i<- be a nonempty, finite set of places such that F is supported on the 
compact set 

Vf^ \J Y{K,v). 

vGSf 

For each v in Sp we apply Lemma[2]to the restriction of F to Y{K, v). Thus there 
exists a locally constant function gy : Y{K, w) — > R such that 

(4.15) sn^{\F{y)-gy{y)\:yEY{K,v)) < \SF\-'/Pe. 

Now define g : F ^ R by 



(4.16) giy) 



gv{y) if ?j/ e Y{K,v) and w £ S'f, 
ify eY{K,v) Siudv Sf- 



Then g is locally constant and supported on the compact set Vp. Therefore g 
belongs to LCc{Y). As X(Y{K, u)) = 1 at each place w in A^i^, we get 



/ \Fiy)-giy)\Pd\iy)] / \Fiy) ~ g.iyW dXiy)] 



ves 

This proves the first assertion of the lemma 
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As Cc{Y) is dense in Co{Y) with respect to the sup- norm, the second assertion of 
the lemma follows by the same argument. In this case we select the locally constant 
functions : Y{K, u) ^ R so that 

sup{|F(zj) : y £ Y{K,v)} < e. 

Then we define 5 : F R as in (|4.16p . Again we find that g belongs to LCc{Y), 
and the inequality 

snp {\F{y)-g{y)\ -.yeY} <e 
is obvious. □ 

5. The completion of G 

In this section we return to the situation considered in the introduction. We let 
K = Q, N = Q, and we let Mq be the set of all places of Q. Then Y is the set of all 
places of Q, and F is a nonempty, totally disconnected, locally compact, Hausdorff 
space. By Theorem |4] there exists a cr-algebra y of subsets of Y, containing the 
(T-algebra B of Borel sets in Y, and a measure A on y, satisfying the conclusions of 
that result. The basic identity (|1.7p is verified by Theorem [S] Then the map 

(5.1) a ^ U{y) 
defined by (|1.9p is a linear map from the Q-vector space 

a = Q'/Tor(0 

(written multiplicatively) into the vector space Cc{Y). The identity (jl.lOp implies 
that each function fa{y) belongs to the closed subspace X C L^{Y, B, A) defined by 
(jl.Sp . It follows from basic properties of the height, and in particular (|1.4p . that 

a 2h(a), 

defines a norm on Q with respect to the usual archimedean absolute value on Q. 
Then (|l.lip shows that (|5.ip defines a linear isometry of G into the subspace X. 

Lemma 6. Let k be an algebraic number field and let v ty be a real valued 
function defined on the set of all places v of k. If 

(5.2) ^<^log|a|„ = 

V 

for all a in fc^/Tor(fc^), then the function v — > ty is constant. 

Proof. Let 5 be a finite set of places of k containing all archimedian places, and 
assume that the cardinality of S* is s > 2. We write R^ for the s-dimensional real 
vector space of column vectors x = (xy) having rows indexed by places v in S. In 
particular, we write t — (ty) for the column vector in R'* formed from the values of 
the function v ty restricted to S. And we write u — (uy) for the column vector 
in R** such that u^, = 1 for each v in S. 
Let 

Us{k) = {r/ e fc : \rj\y ^ 1 for all v i S} 

denote the multiplicative group of S'- units in k. By the 5*- unit theorem (stated as 
[71 Theorem 3.5]), there exist multiplicatively independent elements ^1, ^2, • ■ • , Cs-i 
in Us{k) which form a fundamental system of 5'-units. Write 

M ^ {[k,:Qy]logUr\\v) 
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for the associated (s — 1) x s real matrix, where r — 1, 2, . . . , s — 1 indexes rows 
and V va. S indexes columns. As the iS-regulator does not vanish, the matrix M has 
rank (s — 1). Hence the null space 

N = {x (^W : Mx = 0} 

has dimension 1. From the product formula we have Mu = 0. Therefore is 
spanned by the vector u. By hypothesis we have Mt = 0, and it follows that t 
is a scalar multiple of u. That is, the function v ^ \s constant on S. As S is 
arbitrary the lemma is proved. □ 

We now prove Theorem [1] Let £i denote the closure of T va X. As J?^ is a vector 
space over the field Q, it follows that Ei is a vector space over R, and therefore £i 
is a closed linear subspace oi X . If £i is a proper subspace then it follows from the 
Hahn-Banach theorem (see (TUl Theorem 3.5]) that there exists a continuous linear 
functional $ : A" — > R such that <I> vanishes on £i, but $ is not the zero linear 
functional on X. We will show that such a $ does not exist, and therefore we must 
have Si — X. 

Let $ : <Y — > M be a continuous linear functional that vanishes on £i, but <& is 
not the zero linear functional on X. It follows from (jl.Sp that X^ C L°°(y, A) 
is the one dimensional subspace spanned by the constant function 1. As the dual 
space X* can be identified with the quotient space L°°(y, B, X)/ X^^ there exists a 
function Lp{y) in L°°{Y, B, A) such that (p{y) and the constant function 1 are linearly 
independent, and 

HF) ^ j^F{y)^{y) dA(y) 
for all F in X. Because $ vanishes on £i we have 

(5.3) J^UyMy) dX{y)=0 

for each function fa in J-'. 

Now let fc be a number field in £ and let a be in fc^/Tor(fc^) C Q. From ()4.9|) 
and (|5.3|) we find that 

= EI/ log\\a\\yip{y) dX{y)\ 

(5.4) =Y.{ I , ^(y) dA(y)jlogl|a||. 

= E(^(^^^'("))"' / ^(2/)dA(y)|logIaI„. 
It follows from Lemma [6] that the function 

is constant on the set of places v of fc. We write c(fc) for this constant. 

Let fc C Z be number fields in C, and let w be a place of k. Using (|4.9p and (|4.14|) 
we have 

K^k'iy)) = \w,{i/k)\x{4'r\w)) 
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for all places w in the set Wv{l/k). This leads to the identity 

c{l) = \W4l/k)\-' E l^i^r'My' [ , V{y)d\{y)] 



= \{i,-\v))-' ^(y)dA(y) 
= c(fc). 

Thus there exists a real number C such that C = c(k) for all fields k in £. 

Let g belong to LCc{Y). By Lemma |4] there exists a number field I in £ such 
that g is constant on iIj^^{w) for each place w of I. Therefore we have 

/ giyMy) dA(y) = E ( / ff(2/)^(2/) dA(2/)l 

= cE{A(^r'M)5(V'r'H)} 

(5.6) 

= gEi / .9(y)dA(y) 
= C / dA(y). 



By Lemma [5] the set LCc{Y) is dense in L^{Y,B,\), and we conclude from ()5.6 
that 

' F(y)^(y) dA(y) = C [ F{y) dA(y) 



for all F in B, A). This shows that tf{y) = C in L°°{Y, B, A), and so contradicts 

our assumption that (p{y) and the constant function 1 arc linearly independent. 
Hence the continuous linear functional $ does not exist, and therefore £i = X. 



6. Proof of Theorem [2] and Theorem [3] 

We suppose that 1 < p < oo and write for the closure of T in LP^Y, B, A). As 
before, £p is a closed linear subspace. By the Hahn-Banach theorem it suffices to 
show that if $ : LP{Y,B, A) ^ M is a continuous linear functional that vanishes on 
£p, then in fact (f> is identically zero on LP{Y, B, A). 

Let + q^^ = 1, and let (f{y) be an element of L'^{Y, B, A) such that 

<f{F)^J^ F{yMy) dX{y) 
for all F in LP{Y, B, A). We assume that $ vanishes on £p, and then we have 
(6.1) J^UyMy) dX{y)=0 

for each function in J-. 
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Let A: be a number field in L, and let a be in /fc^/Tor(A:^) C Q. As before we 
apply ()4.9p and ()5.3|) to obtain the identity (15. 4p . Then Lemma [6] implies that the 
function 

(6.2) ^^x{i,l\v)Y^ \ ^{v)A\{v) 

is constant on the set of places v of fc. Now, however, we apply Holder's inequality 
and find that 



E A(^,tHt;))-' / v'(y)dA(2/) 

<E . 

<[fc:Q]^|(p(x)rdA(2/)<cx). 



This shows that the constant value of the function (|6.2p is zero. Thus we have 

(^(y) dA(y) = 



/ 



for all k in £ and for all places v oi k. It follows using Lemma [4] that 

g{y)(p{y) d\{y) = 

for all g in LCc{Y). By Lemma [5] the set LCc{Y) is dense in L^'(y, ;B, A), and we 
conclude that the continuous linear functional $ is identically zero. This completes 
the proof of Theorem [2l 

Next we suppose that £oo is the closure of T in Co{Y). Again it suffices to 
show that if $ : Co{Y) ^ R is a continuous linear functional that vanishes on £oo, 
then $ is identically zero on Co{Y). If <I> is such a linear functional, then by the 
Riesz representation theorem (see [U Theorem 6.19]) there exists a regular signed 
measure i^, defined on the cr-algebra B of Borel sets in Y, such that 



for all F in Co{Y). Moreover, we have ||$|| = ||!/||, where ||$|| is the norm of the 
linear functional $ and ||z^|| is the total variation of the signed measure v. We 
assume that $ vanishes on £^0, and therefore 

' Uy) cHy) = 

Y 

for each function fa in J-. By arguing as in the proof of Theorem 2, we conclude 
that for each number field k in C the function 

(6.3) v^X{ijYiv)y',,{yj^\v)), 



WEIL HEIGHT 



17 



defined on the set of all places w of fc, is constant. As 



V 



V 



< [k : Q]\\iy\\ < oo, 



we conclude that the value of the constant function (|6.3p is zero. This shows that 



JY 

for all g in LCc{Y). As LCc{Y) is dense in Co(^) by Lemma [5l we find that $ is 
identically zero on Cq{Y). This proves Theorem [31 
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for all k in C and for all places w of fc. It follows as before that 




References 



